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Abstract 

Suppose that a group G acts transitively on the points of a non- 
Desarguesian plane, V . We prove first that the Sylow 2-subgroups of 
G are cyclic or generalized quaternion. We also prove that V must 
admit an odd order automorphism group which acts transitively on 
the set of points of V . 

MSC(2000): 20B25, 51A35. 

1 Introduction 

In 1959 Ostrom and Wagner proved that if a finite projective plane, V, 
admits a automorphism group which acts 2-transitively on the set of points 
of V then V is Desarguesian |uW59] . It has long been conjectured that the 
same conclusion holds if the phrase 2-transitively is replaced by transitively. 

A number of results have appeared which partially prove this conjecture 
under certain extra conditions. Most notably, in 1987 Kantor proved that 
if V has order x and V admits a group G which acts primitively on the set 
of points of V then either V is Desarguesian and G > PSL(3,x), or else 
x 2 + x + 1 is a prime and G is a regular or Frobenius group of order dividing 



l)(x + 1) or (x 2 + x + l)x |Kan87j . 



[x + x 

The results we present in this paper constitute a further advance towards 
a proof of the conjecture. In particular we prove two main theorems. 

Theorem A. Suppose that a group G acts transitively on the set of points 
ofV, a non-Desarguesian plane. Then m 2 {G) < 1. 

Here rri2(G) is the 2-rank of G. Thus rri2(G) = 1 means that the Sylow 
2-subgroups of G are cyclic or generalized quaternion. 



Comments are welcome and should be sent to: nickgill@cantab.net. I would also 
like to thank Prof Cheryl Praeger for her excellent advice. In particular any virtues in the 
exposition of this paper are largely due to her. 
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Theorem B. Suppose a projective plane V admits an automorphism group 
which is transitive on the set of points. Then V admits an odd order auto- 
morphism group which is transitive on the set of points 

J ae ct ion : f r amework 

The structure of the paper is as follows. In Section we reduce the proof 
of Theorem A to a question about subgroups of general linear groups. In 
particular, at the end of this section we state Lemma A and demonstrate 

El. progress 

that this lemma implies Theorem A. In Section |we give a proof of Lemma 

S-T quaternionsylow 

A, thereby also proving Theorem A. Finally in Section HO we analyze the 
situation where G has generalized quaternion Sylow 2-subgroups and we 
prove Theorem B. 

Note that the methods used in different sections vary considerably and 
hence so does our notation. We explain our notation at the start of each 
section or subsection. 



2 A framework to prove Theorem A 

sction : framework 

Our aim in this section is to set up a framework to prove Theorem A. In order 
to do this we will split into two subsections. The first subsection outlines 
some basic group theory results which will be needed in the remainder of the 
paper. In the second subsection we will apply these results to the projective 
plane situation; in particular we will state Lemma A, and will demonstrate 
that Lemma A implies Theorem A. 



S : background 



L : oddnormal 



2.1 Some background group theory 

Throughout this section we use standard group theory notation. Note that, 
for an element g G G, we write g G for the set of G-conjugates of g in G. A 
cyclic group of order n will sometimes just be written n. We write G = N.H 
for an extension of N by H; in other words G contains a normal subgroup 
N such that G/N = H. We write G = N : H if the extension is split. 

Lemma 1. Let H be a group containing an involution g and let N < H . If 
\N\ is odd then 



\H : C H {g)\ = \N : C N {g)\ x \H/N : C H/N (gN)\. 

Then C > C H (g). 



Let 



Proof. Take C < H such that C/N = C H/N (gN). 
N* = (g, N) £ and take c G C. Then g c G N*. 

Since \N\ is odd this implies that g cn = g for some n G by Sylow's 
theorem. Thus C = N.Cjj(g). Then 



\H:C\ = \H:N.C H {g)\ 



\H:C H {g)\ 



\H:C H {g)\ 



\N:NnC H (g)\ \N : C N (g)\ 
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Since \H : C\ = \H/N : C H/N (gN)\ we are done. 



□ 



L: sylowtwos 



invcentralizer 



Lemma 2. Let H be a group and let N <H. Suppose that g is an involution 
contained in N. Let P be a Sylow 2-subgroup of N. Then 



\H:C H (g)\ = \N:C N (g)\ 



g H HP\ 
g N HP\ 



Proof. Observe that, by the Frattini argument, the set of iV-conjugates of P 
is the same as the set of if-conjugates of P; say there are c of these. Let d 
be the number of such iV-conjugates of P which contain the element g. Now 
count the size of the following set in two different ways: 



\{(x,Q) :xeg H ,QeP H ,xe Q}\ = \H : C H (g)\d = c\g H fl P\. 
Similarly we count the size of the following set in two different ways: 

\{(x,Q) : x G g N ,Q E P N ,x G Q}\ = \N : C N (g)\d = c\g N (1 P\. 
Our result follows. 

Combining these two results we have the following: 



□ 



Lemma 3. Let H be a subgroup of H\ X ■ ■ ■ X H r containing an involution 
g. For i = 1, . . . ,r, let Li be the projection of H to Hi x Hi + \ X • • • x H r . 
For % = 1, . . . , r — 1 let ipi : Lj — ► be the canonical projection and let Ti 
for the kernel of ipi ■ Define T r to be equal to L r . Finally let gi be the image 
of g under the projection into Li. 

Suppose that Ti has odd order for i < k < r and has even order. Let 
P be a Sylow 2-subgroup ofT^. Then 



\H:C H (g)\= : C Ti ( 9i )\ 



j=i 



\(g k ) Lk nP\ 
\(g k ) T *nP\ 



- oddnormal 

Proof. If T\ has odd order then Lemma |Q] implies that 

\H:C H (g)\ = IT.-.CtMI^IH/T.-.Ch/t^T^I 

= \T 1 :C Tl {g)\*\^i{H):C MH) {^ 1 {g))\ 
= \T, : C Tl ( 9l )\ x \L 2 : C L2 (g2)\- 

Now L 2 is a subgroup of H 2 x ■ ■ ■ x H r and so we can iterate the procedure. 
This implies that 

\H : C H (g)\ = (f[\Ti : C Ti ( 9i )\) \L k ■ C Lk {g k )\. 



If k = r then we are done. If k < r then we must calculate the centralizer of 

J L: sylowtwos 

g k in L k < H k x • • ■ x H r . Then we apply Lemma [2] using 7% for our normal 
subgroup N. Then 

\L k :C Lk (g k )\ = \T k :C Tk (g k )\x M " ' f ' P| 



K^) Tfc nP|- 



□ 



We conclude this subsection with a result concerning Sylow 2-subgroups 
of GL n (q). 



^: sylowtwoingln Lemma 4. Let P be a 2-group in GL n (q) where q = p a , p is prime and 
p>7,p = l(3). 

1. If q = 3(4), q>7, n>2 and (q, n) ^ (31, 4) i/*en 

|P| <g"- 1 + --- + g + l. 

If(q,n) = (31,4) then P contains less than 31 3 +31 2 +31 + 1 involutions. 

3. If q = 3(4) and n = 2 i/ien P contains at most q + 2 involutions. Of 
these at most q + 1 are non-central in GL n (q). 

4- If q = 7 and n > 2 £/ien P contains less than g n-1 + • • • + g + 1 
involutions. 

5. If q = 1(4) t/ien P contains less than q n ~ l + •• • + q+l involutions. 

Proof. It is sufficient to prove these results for the case where P is a Sylow 
2-subgroup of GL n (q); so assume this. Furthermore, throughout this proof 
we use the following notation: For an integer k, we write k 2 to mean the 
highest power of 2 which divides k. 

Statement 1: Suppose first of all that q = 3(4). Then 



L"J 

\GL n (q)\ 2 = XI |^ - 1| 2 = |g - 1|^ x k + l|^ tJ x II ^ ' 



i=l i- 



L q 2_ 1 

LfJ 

= T x \q + l|^ tJ x Y[ i 2 < T x \q + 1|^ J x 2?" 1 
i=i 

3n 1 , I 2. I 1 . . . . n 

= 2-- 1 x |g + l|s 2 < -(8|g+ 1| 2 )2. 

Now, if g > 31 and n > 6 then ±(8(g+l))i < g™- 1 . If g = 19 then |g+l| 2 = 4 
and |(8|g + 1^)^ < 19 n_1 for n > 3. Hence to prove the first statement we 
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need only examine the situation when (q, n) = (31, 3) or (31, 5) - this can be 
done directly. 

Statement 2: Observe that a Sylow 2-subgroup of GL 4 (31) is isomorphic 
to P2 1 2 where P2 is a Sylow 2-subgroup of GZ-2(31). It is easy to see that P2 
contains 33 involutions (see the proof of Statement 3) and we deduce that 
P = P 2 1 2 must contain less than 2 x 34 2 involutions; this bound is sufficient. 

Statement 3: In the third case P lies inside a group, H, of order 4(g+ 1) 
isomorphic to 

(a, b : a 2{q+1) = b 4 = 1, a q+1 = b 2 , b' l ab = W). 

All elements of H can be written as a 1 or a % b where % = 1, . . . , (2q + 2). 
Then H contains at most q + 1 involutions of form a l b (corresponding to the 
situation when i is odd). Furthermore a q+1 is an involution and it is central 
in GL n (q). The third statement follows. 

Statement 4: Suppose next that P is a Sylow 2-group in GL n (7). Sup- 
pose first that n is even, write n = 2k. Then P is isomorphic to P2 1 N 2 where 
P 2 is a Sylow 2-subgroup in GL 2 (7) and N 2 is a Sylow 2-subgroup in S^, the 
symmetric group on k letters. 

Observe first of all that P2 has size 32 and contains 9 involutions (see the 
proof of Statement 3). Now write P = M : N 2 where M = P 2 x ■ ■ ■ x P 2 . 

" v ' 

k 

Then N 2 can be thought of as acting on M by permuting components; thus, 
for elements h G N 2 , (mi, . . . , m k ) G M, we have 

(mi, ... , m k ) h = (m^i), . . . , m h{k) ). 

Now consider an element g = (mi, . . . , m^.h <E M : N 2 such that g 2 — 1. 
Clearly we must have h 2 — 1. Thus 

5 2 = ( mi m Ml) , m2 m M2)) ... )m , mw ). 

Now consider the action of /i on {l,...,/c}. Reorder so that h fixes the 
values 1, . . . , / and has orbits of order 2 on the remaining k — f elements. 
We count the number of values which the mj can take: Clearly m 1? . . . ,mj 
must have order at most 2 in P 2 so there are 10 possible choices for each 
of these. Furthermore we must have m^) = m^ 1 for / > /. Thus for a 

particular value of h, there are 1CF x 32^~ values for (mi, . . . , m&) such that 
g = (mi, . . . , rrik).h satisfies g 2 — 1. In particular there are at most 10 fc such 
values. 

Thus, for every involution (plus the identity) in N 2 there are less than 
10 2 involutions in P. Hence the number of involutions in P is less than 

n , n n -1 X n 

10*\N 2 \ < 1022" 1 = -202. 
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This satisfies the bound of the fourth statement. If n is odd then P = 
C*2 x P n ~i where C 2 is the group of order 2 and P n -i is a Sylow 2-subgroup 
in GL n _i(7). Since n — 1 is even we know that the number of involutions in 
P n -i is less than q n ~ 2 + • • • + q + 1. Then the number of involutions in P is 
less than 

2 X (g«- 2 + ... + g + l) + l. 

This is less than q n ~ l + • • ■ + q + 1 as required. 

Statement 5: Suppose next that g = 1(4) and let P be a Sylow 2- 
subgroup of GL n (q). Then P < C lN 2 where C is a cyclic subgroup of order 
dividing -jp and is a Sylow 2-subgroup of S n . We can proceed similarly 
to the fourth case. Write M = C x ■ ■ ■ x C j and consider an involution 

n 

g = (mi, . . . , m n ).h. As before h 2 = 1. Furthermore for a particular choice of 
h there are at most 2^ x (^Tp)™^ possible values for (mi, . . . , m n ) such that 
g 2 = 1. In particular there are at most such values. 

Now |AT 2 | < 2 n_1 and so P has less than ( 2 ^-)^2 n ~ 1 involutions. This 
implies Statement 5. □ 



2.2 The projective plane situation 

: pp JS.: quaternionsylowtwos 

This subsection is the last, until Section H, m which we will directly consider 
projective planes. Hence all the notation in this subsection is self-contained 
and we will develop this notation as we go along. 

We begin by stating a hypothesis which will hold throughout this sub- 
section. The conditions included represent, by l|Wagfc>9| and |Dcm97, 4.1.7], 
the conditions under which a group may act transitively on the points of a 
non-Desarguesian projective plane. 

h:basic Hypothesis 1. Suppose that a group G acts transitively upon the points of 
a non-Desarguesian projective plane V of order x > 4. If G contains any 
involutions then they fix a Baer subplane; in particular they fix u 2 + u + 1 
points where x = u 2 , u > 2. Furthermore in this case any element of G fixing 
at least u 2 points fixes either u 2 + u + 1, u 2 + 1 or u 2 + 2 points ofV. 

basic 

L: firstly Lemma 5. The Fitting group and the generalized Fitting group of G coin- 
cide, i.e. F*(G) = F(G). What is more, F(G) acts semi-regularly on the 
points ofV. Further, if p is a prime dividing into u 2 + u + 1, then p = 1(3) 
or p = 3 and 9 does not divide into u 2 + u + 1. 
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reepossibilities 



h:main 



Proof. The results ^out the Fitting group of G can be found in I fOilO V |. 
Theorem A^ and [GilOd, Theorem A]. The result about prime divisors can be 
found in fKariSY, p. 33]. □ 

Note that u 2 — u + 1 = (u — l) 2 + (u — 1) + 1 hence the statement about 
prime divisors also holds for u 2 — u + 1. 

Write a for a point of V. For an integers k and w, write k w (resp. k w i) 
for the largest divisor of k which is a power of w (resp. coprime to w). For 
an element g G G we write g G for the set of G-conjugates of g in G; we also 
write Fix(g) for the set of fixed points of g. Similarly Fix(H) is the set of 
fixed points of a subgroup H < G. We begin with the following observation: 

Lemma 6. Suppose thatG contains an involution. Then one of the following 
holds: 

1. m 2 (G) = 1; 

2. All primes which divide \F(G)\ must also divide u 2 + u + 1. 

Proof. Suppose that m 2 (G) > 1. Let N be a Sylow r-subgroup of F(G), for 
some prir rie r Hh a nd observe that any subgroup of G acts by conjugation on 
N. Then fAscUU, ^41). 6)] implies that a Sylow 2-subgroup of G does not act 
semi- regularly on N. Hence G contains an involution g for which Cat(^) is 
non-trivial. Now Cjv(sO acts on Fix(g), a set of size u 2 + u + 1. Because F(G) 
acts semi-regularly on the points of V we conclude that r divides u 2 +u+l. □ 

We will be interested in the second of these possibilities. So for the rest 
of this subsection we add the following to our hypothesis: 

Hypothesis 2. Suppose that G contains an involution and that all primes 
dividing \F(G)\ also divide u 2 + u + 1. 

Clearly if, T we can show,that Hypotheses 1 and 2 lead to a contradiction 

J L: tnreepqssibilitieB 
then Lemma will imply Theorem A. Over the rest of this subsection we will 

work towards showing that, provided Lemma A is true, such a contradiction 

does indeed follow from these hypotheses. 

Write u 2 + u + 1 = p" 1 ■ • -p^ r and observe that, by Lemma 

or else pf = 3. Let F(G) = N x x N 2 x • ■ ■ x N r where N { G Syl Pi F(G) and 

set Z = Z(F(G)). Then G/Z is a subgroup of 



AutNx x ■ • • x AutN r . 

Write Vi = A^/$(A^). Here $(iVj) is the Frattini subgroup of N{, hence Vi is 
a vector space over the field of size pi. Observe that \Vi\ <p1 i - 
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L: counting 



L: divide 



:entralizerbound 



boron stein 3 

A classical result of Burnside (see, for instance, |Gor68, Theorem 1.4]) 
tells us that AutNi acts on Vi with kernel, K iy a p^-group. Thus G/Z is a 
subgroup of 

Ki.GL(Vi) x • • • x K r .GL(V r ). 

Let = (K\ x • • • x K r ) n G/Z and take K to be the pre-image of in 
G. Thus G/K is a subgroup of 

GL(Vi) x ■■■ x 

Lemma 7. \Gilul, Lemma 13] Let x = u and let g be an involution in G. 
Then 

,G| 



\g 



u 2 - u+ 1. 



Lemma 8. Le£ g fre an involution in G. Then u 2 — u + 1 divides 

\G/K:C G/K {gK)\. 

& : opunt ing 1L: oddnormal 

it — u + T divides |G : Cg(^)|. Then, by Lemmas 

\G : C G (o)| = |K : C K {g)\ x |G/tf : C G/K (gK)\. 

Now all primes dividing \K\ also divide n 2 + u + 1. But u 2 + u + 1 is coprime 
to u 2 — it + 1 so we have our result. □ 

] L: inycentralizer 

We wish to apply Lemma to the group Gj K which is a subgroup of 
GL(Vi) x • • • x GL(V r ). Recall that u 2 + u + 1 = p^ 1 ■ ■ ■ p^ r where the are 
prime numbers; furthermore V$ = p i i for some 6j < dj. 

inycentralizer 

We choose 

an ordering so that there exists k with \Ti\ odd for i < k and |T»| ei>en /or 
i > k. Then 

(\T 3 : C T .( ft -)U 2 -« + !)> P?" 1 + • • • +Pj + 1 
for some j < k. 

Proof. We suppose that the proposition does not hold and seek a contradic- 

JL- invT t. entaEfflfleer _ 
tion. Lemmas [3] and imply that u — u + 1 divides 

K^) Lfc nP| 



where P is a Sylow 2-subgroup of 
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If k = r then T r = L r and so 

r 



u 



+Pi + l)< 



u 2 + u + 1 



i=l 



This is clearly a contradiction. 

Now suppose that k < r and we choose an ordering for the pj such that 

a, J L: syTowrwoingIn 1 

Pi < Pj whenever i < j. Then Lemma H implies that 



u 



u 



+i< n^ !_i +---+^ +i ) 



D : heart 



Then, by virtue of our ordering, we have 

fe+i 



u' 



-u+i< Y[(p? 1 + ■ • • + Pi + 1) < 



u 2 + u + 1 



Once again we have a contradiction. 



□ 



We are now in a position to state Lemma A. First of all we make a 
definition: 

Definition 10. For an integer k we write k<y to mean 

(k, 3) x k 7 x /c 13 x kig x k S i X . . . 
fVKe mtzst consider all primes equivalent to 1 modulo 3 here.) 

Lemma A. Lei H < GL n (q) and suppose that H has even order. Suppose 
that q = p a with p > 7 and p = 1(3). Then there exists an involution g 6 H 
such that 

\H:C H (g)\ p ,v<q n ~ l + --- + q + l- 

Note that, for an integer k, by k p >^ we mean the largest integer dividing 
k<y which is coprime to p. 



Drop: implication Proposition 11. Lemma A implies Theorem A. 



Proof. Consider G/K as a subgroup of GL(Vi) x • • • x GL(V r ). Let Li be 
the projection of G/K onto GL{Vi) x • • • x GL(V r ). Let Tj be the kernel of 
the projection Li L i+ i for i = 1, . . . , r — 1 and let T r = L r . 

Order the Vi so that Tj has odd order for i < k < r a ^ f 7£ s hf LS even 
order. Recall that u 2 + u + 1 = p® 1 . . . p^ r where, by Lemma B, either pi > 7 
and pi = 1(3) or p^ = 3. Then \Vi\ — p^ where bi < aj. 
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We first apply Lemma A to T k which can be thought of as a subgroup 
of GL(V k ). Thus let g k be an involution in T k such that \T k : CT k (gk)\p k ,v is 
minimised. Lemma A implies that 

\T k : C Tk (g k )\ p > k> v < p b k k ~ l H h p k + 1 < p a k k ~* H \- p k + 1. 

b : firstly 
(and the comment immediately after), this implies that 

(|T fc : C Tk (g k )\,u 2 -u+l)<\T k : C Tk {g k )\ p ^ < p^ 1 + ---+p k + l. 

Now we adjust our notation slightly, as follows. Let g be a pre-image of 

g k in G and write g = (gi, . . . , g k , 1, . . . , 1). In our old notation gi was an 

element in Tj and hence had form {hi, 1, . . . , 1) for some /ij in GL(Vi). In our 

new notation we simplv identify q, with h; and observe that the statements 
IT. : lnv ft enteyraaizerbcmnd 

of Lemma M and hold under this new notation. 

Now, when j < k, Tj has odd order and is isomorphic to a subgroup of 
GL{Vj). Then Hj = (Tj,gj) has a unique iTj-conjugacy class of involutions. 
Thus Lemma A implies that, for all j < k, 



(IT, : C T] ( 9j ) lu 2 -u + l)<p a /- 1 + ---+p J + l. 



-l 

,_ r centralizerbound 

This yields a contradiction to Lemma \ 

Thus we have demonstrated that, provided Lemma A is true.^our Hy-.^^ . , 

7 1 J L: threepossibilitie 

potheses 1 and 2 lead to a contradiction. Thus, by Lemma EJ Lemma A 
implies Theorem A. □ 



S: progress 



3 Proving Lemma A 

Throughout this section we occupy ourselves with a proof of Lemma A. 
Lemma A is a purely group theoretic result; we will not refer to projective 
planes in this section. We | <y-. s ^|^gdan^ group theory notation, as described 



at the start of Subsection |_ 

Recall that, for integers k and w, we write k w (resp. k w >) for the largest 
divisor of k which is a power of w (resp. coprime to w). Furthermore we 
write kg for 

(k, 3) x k 7 x ki 3 x &4 9 x k 3 i x . . . 

(We must consider all primes equivalent to 1 modulo 3 here.) 
Then the result we have to prove is the following: 

Lemma A. Let H < GL n (q) and suppose that H has even order. Suppose 
that q = p a with p > 7 and p = 1(3). Then there exists an involution g G H 
such that 

\H :C H (g)\ pip <q n - 1 + ■ ■ ■ + q + 1. 
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Throughout this section q = p a with p > 7 and p = 1(3) and H is 
a subgroup of GL n (q). Suppose that H lies^im^niaximal subgroup^ Af of 
GL n {q). We use the result of Aschbacher|Asc84{ as described in IKL90). 



Either H lies in the class S or M lies in one of eight families. We will say 
that M is of type i if it lies inside family i as described in l [KL90j . 

In order to prove Lemma A we will go through the possibilities for M 
and H and demonstrate that, in all cases, Lemma A holds. We start with a 
series of lemmas which demonstrate that Lemma A holds if H is in class S. 



L: simplepgl Lemma 12. Let Hi be a non-abelian simple subgroup of PGL n (q) . Then Hi 
contains an involution g such that \AutH\ : CAutH l {9)\p',z> < q n ~ 1 + - ■ - + q+l 
unless Hi = PSL m {p b ) with m even. 

Proof. The lemma is proved using information in In particular we 

use Propositions 5.3.7, 5.3.8 and 5.4.13 as well as Theorem 5.3.9. These 
results give a minimum value for n depending on the isomorphism class of 
Hi. We will not go through all possibilities for Hi here; instead we give 
several sample calculations to demonstrate our method. 

Suppose that Hi = A m is the alternating group on m with m > 9. Then 
AutHi = S m . Now Hi contains an involution g (a double transposition) such 
that 

m(m — l)(m — 2)(m — 3) 



\S m ■ C Sm (g)\ 



In particular \S m : C Sm (g)\ < 7 m ~ 3 for m > 9. Now l |KL90L Proposition 5.3.7] 
implies that n > m — 2 and so \S m : Cs m (g)\ < 7 m_3 < q n ~ x a^requi red. 

For m = 5, 6, 7 and 8 the result can be proved easily using l |KL90[ Propo- 
sition 5.3.7]. 

If Hi is a sporadic group^then |K L90t Proposition 5.3.8] gives a minimum 
value for n. Furthermore |KL90l Table 5.1.C] asserts that the outer auto- 



morphism group of Hi divides 2. Hence, since 2 ^ 1(3), we need only prove 
that \Hi : C Hl {g)\v'V < g™" 1 + ••• + ? + 1. 

In fact for the sporadic groups we are able to prove that \Hi\y < 7 n_1 
which is sufficient. For instance if Hi is one of the Mathieu groups then \Hi\<y 
divides 3x7. Since n > 5 for the Mathieu groups the result follows. 

If Hi is a group of Lie type of characteristic coprime to p then l [KL90l 
Theorem 5.3.9] gives a minimum value for n. We present two example cal- 
culations: If Hi = Eq(t) then n > r 9 (r 2 — 1). Now observe that \Hi\ < r 78 . 



Since q > 7 it is sufficient to observe that r 78 < 7 r9( - r2 ^ 1 < q n l . If 



Hi- 
\Hi\ 



fi 2 m+i( r ) with r odd and (r, m) ^ (3, 3) then n > r 2(m ^ 



r 



m— 1 



Now 



< r 



2m 2 



thus it is sufficient to observe that r 



2m 2 



< 7 



,2(m — 1) „m— 1 ^ 



< 



q n 1 for m > 3. The exception can be dealt with easily. 
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Finally if Hi is a group of Lie type of characteristic p then , since p > 7, 
we need not consider 2 G 2 (q), 2 F' A (q) or 2 B 2 (q). We need to split into two 
cases. Suppose that Hi = X m (q ) (i.e. has dimension m and is defined over 
a field of size go)- Suppose first that go < Q] then it is sufficient to prove the 
lemma for g = q. Suppose this is the case and refer to |K L90l Proposition 
5.4.13] which gives a minimum value for n. 

We present two examples: If Hi = G 2 {q) then n > 7. But Hi contains an 
involution g such that \AutH\ : C AutiiAd)^' = g 4 + g 2 + 1 < g™" 1 . Similarly 
if Hi = PSp m (q) with m > 4 then n > in. But Hi contains an involution g 
such that \AutHi : C AutHl {g)\ P > = q m ~ 2 + • ■ • + g 2 + K q n ~ l . 

Our argument here does not work for Hi = PSL n (q) when n is even. 
Then PSL n (q) < PGL n (q) and, for all involutions g E Hi, 

\Hi : C Hl {g)\p' > (<f~ 2 + •■• + ? + l)(g n " 2 + ■ • ■ + g 2 + 1). 

On the other hand suppose that g < go- By considering the order of 
Hi = X m (q Q ) it is possible to bound q n by some function of g and m. We 
present two examples: Suppose that Hi = PSL m (q ). Then q n > q™ and, 
in particular, g n_1 + • ■ ■ + g + 1 > g™ -1 + • ■ ■ + g + 1. Now, for m odd, we 
have an involution in Hi such that \AutHi : Ca u m^ (g) \p> = q™~ X H — ■ + g + 1 
which satisfies the required bound. 

Similarly if H\ = PSU m (qo) with m odd. Then, by considering orders, 
we must have q n > g^" 1 '. In particular this means that 

g n - 1 + --- + g + l>g 2m - 1 + --- + g + l. 

Now there exists an involution in Hi such that \AutHi : C U«tffi(fl f )|p / — 
g™ -1 — • • • — g + 1 which satisfies the required bound. 

This argument can be followed through in all cases except when Hi is iso- 
morphic to one of the following groups: Pfi+ (g ), E 6 (q ), £7 (go) an d E$(qo)- 

[L901 Pjoposit^on 5.4.13] implies that n > 



In these cases we note that -if^y^^ — , ....,»• _ 

Now we use the main theorem from l |Lie^5j . This gives two possibilities as 
follows. 

The first possibility is that \Hi\ < q 3n . If Hi = E s (q ) then, since 
I-£6(q ,0 )| > Qo 2 ' we nave Qo A < Q n - Now Hi contains an involution such that 
I AutHi : C AutHl (g)\p> = (lo + q! + 1)(% 2 + Qo + l)(g 8 + g 4 + 1) < £ < q^ 1 
as required. The other cases are similar. 

The second possibility is that Hi lies inside a maximal subgroup M of 
type i, for i = 1, . . . , 8. If i 7^ 3, 6 or 8, this implies that Hi is a subgroup 
of PGL m (qi) where m < n and gi < n. It is then sufficient to prove the 
bound within PGL m (qi), so we iterate our analysis. If i — 3 then ifi is a 
subgroup of PGL m (qi) where m < n and q™ = q n . Once again it is sufficient 
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to prove the bound within PGL m (q 
must satisfy the bound (see Lemma 



If i — 6 then M is so small that Hi 

SIX 

below) . 



Finally we suppose that the only maximal subgroups which contain Hi 
are of type 8. In fact, since n > 8 and q < qo, this is impossible. Hence the 
bound is satisfied in all cases. □ 



cor:simplepgl Corollary 13. Let Hi be a quasi- simple subgroup of PGL n (q). Then Hi 



prop : simplegl 



contains an involution g such that \ AutHi : C UutHi (<?) Ip* ',<? — Q r 
unless Hi/Z(Hi) = PSL m (p b ) with m even. 

Proof. Write Z = Z(Hi). Observe first that 



■ + ••• + 5 + 1 



\AutHi : C AutHl (g)\y = \Aut(Hi/Z) : C Aut{Hl/z) (gZ)\ v . 

Next we refer to Corollary 5.3.3] which states, for k algebraically 

closed, if Hi < PGL n {k) thqn HjJ-^ ^PGLmiyk) for some m < n. 

In our proof of Lemma fi2\ we have only considered the size of q when Hi 
was a group of Lie type of characteristic p. Thus, except in this case, we 
have shown that 



\AutHi : C AutHl {g)\<y = \Aut(Hi/Z) : C Aut{Hl/z) (gZ)\v < q 



n-l 



5 + 1. 



Now assume that Hi = X m (q ) is a quasi-simple group of Lie type of 



characteristic p > 7. We assume tha 
when 5q < q the argument in Lemma 



H. is Jiot simple. For the situation 

• simplepgl ^ 

3 transfers directly hence we assume 
Jnliiiplepgl J 

that 5 < 5o- Again, as in Lemma WA by comparing orders we are able to 
bound 5™ in terms of q and m and so can establish the required inequality 
in most cases. 

The remaining cases are for Hi a covering group of PQ^qo) or a simply 
connected group of type E 6 (q ) or E 7 (q ). If Hi has a central involution then 
the result clearly stands hence we only need to deal with the case when Hi 
is a simply connected ^roup nf type E 6 (q ). But in this case we s ijppl^^^h^j^ 
the main theorem of |Lic8b>flis described in the proof of Lemma |l2j [J 

Proposition 14. Let H be a quasi-simple subgroup of GL n (q) . If H/Z(H) 
is isomorphic to PSL m (p b ) with m even then assume that H is absolutely 
irreducible in GL n (q). Then H contains an involution g such that \AutH : 

C A ut H (g)\ P ',v <5 n_1 + --- + 5 + i- 

Proof. Observe that H/{Z{GL n (q) n H) < PGL n (q). Then Corollary ftf 
implies the result unless H/Z(H) = PSL m (p b ) with m even. Consider this 
exception and assume that H is absolutely irreducible. We assume that H 
does not contain a central involution. Now H contains an involution g with 



: simplepgl 
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\AutH : C AutH (g)\v < (q m ~ 2 + ■•• + <? + l)(g m " 2 + ■ • ■ + g 2 + 1). Hence we 
need to show that 

{q m ~ 2 + ••• + <?+ l){q m ~ 2 + ■ • • + q 2 + 1) < q n ~ l + • • ■ + q + 1. 

Thus it is enough to show that n > 2m — 2. 

Since H is absolutely irreducible, Schur's Lemma implies that H/Z(H) 
embeds into PGL n (k) (here k is an algebraically closed field of characteristic 
p). Since H does not contain a central involution this module must be differ- 
ent from the natural projective module of dimension m. If n > ^m(m + 1) 
then n > 2m — 2 and we are done. If n < ~m(m - b_l) the n the dimensions of 
all projective /c-modules of H/Z(H) are listed in |KL90, Table 5. 4. A]. Then 
we have n > ^m(m — 1) > 2m — 2 provided m > 4. 

If m = 2 then if = PSL 2 (q) has a single conjugacy class of involutions 
of size \q(q ± 1) and we are done. 

□ 

Corollary 15. Suppose that all involutions in H satisfy \H : CH(g)\ p >p > 
q n ~ x + ■ ■ • + q + 1. Then H lies in a maximal subgroup of GL n (q) of type 1 
to 7. 

Proof. If H > SL n (q) then H either has a central involution or an involution 
g such that \H : Cn(g)\ = q n ~ x + ■ ■ ■ + q + 1. Thus this possibility can be 
excluded. Furthermore it is clear that H must not lie in S. 

Now suppose that H lies only in maximal subgroups of type 8. If n > 7 
then this implies that H contains a normal quasi-simple classical subgroup 
of dimension n. Then the previous proposition gives us our result. 

If n = 2 then there are no maximal subgroups of type 8. Now suppose 
that 3 < n < 6 and M is a maximal subgroup of type 8. If n = 3 then we 
must consider the possibility that (MnSL 3 (q))/Z(GL 3 (q)) S PGL 2 (q). But 
then \M/Z(M)\ p rp < q 2 + q + 1 and we are done. 

For n = 4, 5 and 6 it is easier to consider H\ (resp. Mi), the section of 
H (resp. M) in PSL n (q). 

For n = 4 we need to consider the possibility that PQ\(q) is involved 
in Mi. If |.ffi fl Pf2|(g)| is even then Hi contains an involution g such that 
\Hi : C Hl {g)\ p >,v < (q + l) 2 - If, on the other hand \H X H PVt%(q)\ is odd then 
\Hi\p',v < (q + l) 2 as required. 

For n = 5 we need to consider the possibility that ^5(9) is involved in 
Mi. If I ifi nf2 5 (g) = -PSp 4 (g)| is even then i^x contains an involution g such 
that \Hi : C^^)^'^ < g 2 + l. If, on the other hand nfi 5 (g)| is odd then 
I-^iIp',^ < q 3 + q 2 + q + 1 as required. 

For n = 6 we need to consider the possibility that PQ\(q) = PSL%(q) is 
involved in Mi. If \HiT\PVL\(q)\ is even then Hi contains an involution g such 
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that \Hx : C Hl (g)\j/,v < q 3 + q 2 + q+l. If, on the other hand \H X n P%(q)\ 
is odd then \Hi\ p /^ < q 4 + q 3 + q 2 + q + 1 as required. □ 

This result means that we will need to examine subgroups lying in max- 
imal subgroups of type 1 to 7. Some cases are easy to rule out as wa note in 
the next two lemmas which are proved easily using information in |KL90J. 



six 



Lemma 16. Suppose that H lies in a maximal subgroup of type 6. If n > 2 
then \H\ p / t y < q~^~ . If n = 2 and H has even order then there exists an 



involution g G H such that \H : CH(g)\p\v < q 4 ■ 

Proof. Let Hi be the section of H in PSL n (q). If n = 2 then Hi = v4 4 or 
S4. It is easy to see that \H : Cii(g)\ P ',v < 3 in all cases. 

For n > 2 ^e sup pose that if is a maximal subgroup of type 6. For 
n < 10 we use |KL90l Propositions 4.6.5 and 4.6.6] to check that the result 
holds. For n > 11 it is sufficient to prq ye tha t \Hi\ p i p < q~± . 

If n = r m and r = 2(3) then, by |KL90, Propositions 4.6.5 and 4.6.6], 
l-^ilp',^ < r m2+m . Now, for r m > 11 we have r m2 
We proceed similarly for r = 3 and r = 1(3). 



< 7 4 as required. 



□ 



seven 



Lemma 17. Suppose that H lies in a maximal subgroup M of type 7, i.e. 
H < GL m (q) I St with n = m 1 and m > 3. If t > 2 then \H\ p ip < q~^~ '. If 
t = 2 and H has even order then there exists an involution g e H such that 
\H : C H (g)\pr,v < q^- 



Proof. Observe first that t\ < 7 

tm(m+l) 



In addition \GL n (q)\ } 



m(m + l) 

< q 2 hence 



\H\pf < q~ 



+t . It is therefore sufficient to prove that 

3 , 1 



tm(m + 1) 9 

- L r- L+ *<7r > --2- 



It is easy to see that this inequality holds, provided m > 2 and (to, t) ^ (3, 3). 
What's more if (to,*) = (3,3) then \H\ plp < (n?=i(?* - l )? x 3 < as 
required. 

So suppose that m = 2 and M = (GL m (q) x GL m (q)) : 2. Define iV = 
GL m (q) x GL m (q) to be the normal subgroup in M of index 2. Let g be an 
involution in M\N; then 

\M:C M (g)\ = \GL m (q)\. 
Hence if H contains an involution g outside N fl H then \H : Ch{s)\^ < 



m(m-j-l) 



which satisfies our bound provided m > 3. 
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If, on the other hand, H contains no such involution then we take g G N. 
The largest conjugacy class of involutions in N satisfies 



L: base case 



\N:C N (g)\ p , 



nr=i(<f-i) 



.nEV-imEV-i), 



Then \H : C H (g)\ P > < \N : C N (g)\ p , < q? m + ^ m+ * which satisfies our bound 
provided m > 3. 

We are left with the possibility that M = GL 2 (q) I 2 in GL 4 (q). Now if 
g is an involution in iV then N satisfies \N : CV(<7)| P ' < \{q + l) 2 - Thus if 
H contains such an involution we are done. On the other hand if \H fl N\ 
is odd then H must contain an involution g from M\N, in which case \H : 
Cn(g)\ = \K\ where K is an odd order subgroup of GL 2 (q). This satisfies 
the required bound. □ 

Clearly, in seeking to prove our conjecture, we can assume that H does 
not lie in a maximal subgroup of type 5 - since it would then be sufficient to 
prove the conjecture over the subfield. Thus we are left with the possibility 
that H lies only in maximal subgroups from families 1 to 4. 

Our method will be to proceed by induction on the dimension n. We give 
the base case, which is proved easily. 

Lemma 18. Suppose that n = 1 or 2. Then H contains an involution such 
that \H : C H (g)\i/,v <q+l- 

Proof. If M is of type 1 to 4 in GL 2 (q) then M is isomorphic to [q] : (q — l) 2 , 
(g 2 -l) : 2 or (g-1) 2 : 2. Then \M/(Mf] Z{GL 2 {q)))\ p > <q + l as required. 
If M is of type 5 then M/(Mf]Z(GL 2 (q))) = GL 2 (q ) for some q < q. Then 
it is sufficient to prove the bound over the smaller field. Finally if M is not 
of these types then \M/(M H Z(GL 2 (q)))\ p > < 3 as required. □ 



3.1 Results about odd order subgroups 



L : oddsn 



In order to proceed with the inductive proof of Lemma A we will need a 
number of results concerning odd order subgroups. We state these results in 
this section, before returning to the proof of Lemma A in the next section. 
Recall that q = p a where p= 1(3) and p > 7. 

Lemma 19. Let H be a primitive subgroup of S n , the symmetric group on 
n letters. If H has odd order then \H\ < n log2 ™. 
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Proof. If 7i < 6 then this is clearly true. Since H has odd order, all minimal 
normal subgroups are elementary abelian. Let P be such a minimal normal 
subgroup, P = p b ± . 

Referring to the O' Nan-Scott- Aschbacher theorem we see that n = p b i and 



H < P : GL bl ( Pl ) 
n > 6. 



Since p\ > 2, H has order less than n log 



-i < n io g2 n for 
□ 



We now need a number of results about the odd order subgroups of 
GL n (q). Let H be one such subgroup and observe that, for n > 1, H cannot 
contain SL n (q). Thus H must lie inside a maximal subgroup of GL n (q) of 
type 1 to 8. The next three lemmas will all be proved using induction and 
by going through the possible maximal subgroups containing H one type at 
a time. 

In fact we can deal with one type straight away: Suppose that n > 7 and 
H lies inside a maximal subgroup M of GL n (q) of type 8. Then MnSL n (q) is 
an almost quasi-simple classical group of dimension n. Thus Hr\SL n (q) must 
be a strict subgroup of MC\SL n (q) and we take a further subgroup, appealing 
to the results of | KL90j . Repeating if necessary we find that H fl SL n {q) is 
a subgroup of M D SL n (q) of type 1 to 7; then H must lie inside a subgroup 
of that type in GL n (q). 

Now there are no subgroups of type 8 in GL 2 (q). Thus in what follows 
we can assume that H lies inside a maximal subgroup of type 1 to 7, unless 
n = 3, 4, 5 or 6. 



L: oddgln Lemma 20. Suppose H < GL„ (q) and H has odd order. If n > 2 then 



two 



\H\p'p < q 2 • 

Proof. We will prove this statement using induction on n. For n = 2 the 
statement is easily checked. Now assume inductively that the statement is 
true for H < GL m (q) where 1 < m < n. 

First observe that if H lies in a maximal subgroup of type 5 in As- 
chbacher's set of families then H < GL(n,qo) o Z(GL(n,q)) where go — P b - 
Then it is sufficient to prove our Lemma for q = p b . Thus we may assume 
that H does not lie in a maximal subgroup of type 5. 

If H lies in a parabolic subgroup of GL n (q) then H/O p (H) < GL m (q) x 
GL n _ m (q). If both m and n — m are greater than 1 then induction implies 
that 



\H\p',v < Q 



3m-2 3(ra-m)-2 

2 x q 2 



Q 



which is sufficient. On the other hand suppose that m = 1. Then 



\H\ P 'P < q x q~ 



3(n-l)-2 
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five 



which is sufficient. If H lies in a maximal subgroup M of GL n (q) of type 4 
then H < GL m (q) x GL t (q) for n = mt. A similar inductive argument gives 
the result. 

If H lies in a maximal subgroup M of GL n (q) of type 2 then M = 
GL m (q) I S t where n = mt,t > 2. We assume that H acts transitively on 
the subspace decomposition otherwise H lies in a parabolic subgroup. In 
fact we assume that H acts primitively on the subspace decomposition since 
otherwise H lies in a maximal subgroup Mi = GL mi (q) I of type 2 with 
ti < t and H acts primitively on this decompose 

If m > 1 then, by induction and by Lemma | 



oddsn 



three 



'tl|n n log 2 n 



\H\ p ^<(q^)H^. 

This is enough to give our result. If m = 1 then \H\ p i^ < 
which gives the result. 

If H lies in a maximal subgroup M of GL n (q) of type 3 then M 
GL m (q r ).r where n = mr. If m > 1 then, by induction, 



\H\ p ip < ((<f) ™ ).\r\ 2 , 



four 



L: second gap 



where n = mr, r > 2. This is enough to give our result. If m = 1 then 
M = (q n — l).n and the result follows. 

If i7 lies in a maximal subgroup M of GL n (q) of type 6 then Lemma llbl 

implies that 



gives the result. If H lies in a maximal subgroup M of GL n (q) of type 7 then 
Lemma HT71 implies that H < GL^(q) x GL^yq). In this case induction 



\H\ 



< (9 2 ) 



9 



< q 



as required. 

If H lies inside a group M of type |v 8 the n we need only consider the 
possibility that 3 < n < 6. We refer to |KL90, Proposition 2.9.1]. Consider 
first the following cases where a simple group K is involved in M: We have 
n = 3 and K = ^(q) = PS , L 2 (g); we have n = 5 and K = fl^(q) = PSp<±(q); 
we have n = 6 and X = f2|(g) = PSL\(q). In all these cases K is involved 
in a maximal subgroup of GL m (q) for some m smaller than n. What's more 
|ikf Ip/^ < ^Y*-(q — 1)1-^1^'^. Then, by induction, l-f^lp',^ < q~^~ and so 

I^Ip',^ < q^^ 1 as required. 

The only remaining case is when n = 4 and K = fl\(q). In this case 
< <? 4 and iMlp/^ < q\K\ p /^ < q 5 as required. □ 

Lemma 21. Let H be an odd order subgroup of GL n (q) and let a be an 
involutory field automorphism of GL n (q) . Suppose that H is normalized by 



18 



g, an involution in (GL n (q),o~) . Then 

3n — 1 

\H : C H (g)\p> t v < q—. 

If n = 2 then we can strengthen this to give \H : CH(g)\ p ',<y < q. 

Proof. Note that, by |BGL77, Proposition 1.1], we know that g is GL n (q)- 
conjugate to a hence we take H to be normalized by a. Observe that 

c Z (G)(g) = (V? - 1) and that q > 49 - 

As before we will prove the statement by induction on n. We check the 
base case: For n — 1 it is clear that \H : Cn(g)\ < o • ^ or n = ^ we can 
eight I prove the stronger bound of q directly - we omit the details. 

If (H, a) lies inside a maximal subgroup of (GL n (q), a) of type 5 then 

\H : C H (g)\ p/ p < — ^ \GL n (q ) : C GLn ( qo) {g)\ p >p. 

Thus it is enough to prove the result for GL n (qo) where go is the order of the 

subfield. Hence we assume that H does not lie inside a subgroup of type 5. 

JEm_ six Ll: seven 

For (H, a) inside a group of type 6 or 7 then Lemmas IHbl and HT71 imply 
that H < N = GL^(q) x GL^(q). N is normalized in GL n (q) by r, an 
involution which swaps the two copies of GL^(q). Thus g may take two 
forms. 

First ly suppose that g = (A,B)a where A,B<E GL^(q). Then, by 
1L77} Proposition 1.1], g is iV-conjugate to a and induction implies that 

\H:C H {a)\ p>P <{q^f<q^. 

Secondly suppose that g = (A, B)ra. Then, for (X, Y) 6 N, 

(X,Y) 9 = (AY a A-\A- a X a A a ). 

Thus (X,Y) will be centralized by g if and only if X = AY a A~ l . Thus 
\N : CV(fiO| = \GL^(q) \ and so \H : CH(g)\ P ',v < \K\ where K is a subgroup 

JLjoddgln 3^-2 

of odd order in GL y ^(q). Hence, by Lemma IEU1 \H : Cu{g)\ r ip < q 2 < 

3ti — 1 . 

g 4 as required. 

If (if, a) lies inside a subgroup of type 1 then 

\H : C H {g)\ P ',v = \L: C L (g L )\ p ,p 

where L = H/O p (H) (here O p (H) is the largest normal p-group of H). Then 
L < GL m (q) x GL n _ m (q) and we may examine GL m (q) and GL n _ m (q) sep- 
arately. In each case gi acts as an involution in (GLk(q),o~) hence we can 
apply induction: 

3m-l 3(n-m)-l 3n-l 

l# : ^h(p)Ip',<? < g 4 x g * < g 4 . 
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A similar approach can be taken if (H, a) lies inside a subgroup M of 
type 4. Then M = GL m (q) o GL t (q) for n = mt and, once more, g acts as 
an involution in (GLk(q),cr)- Induction gives the result. 

Now suppose that H < M = GLn(q r ).r, r prime, a subgroup of type 
3 in GL n (q). If r = 2 then any element from (GL n (q),a)\GL n (q) which 
normalizes M will act as a field automorphism of order 4 on GL™(g r ). In 
particular such an element cannot be an involution. On the other hand if r 
is odd then (M, a) = GLs.{q r ).2r. Thus a must act as an involutory field 
automorphism on GLn_(q r ). Then Lemma [T] implies that 

\H : C H (g)\ p 'p = \HC\ GLn(q r ) : C H r\GLn(q r )(g)\p>,v 

r r 

and induction gives the result. 

Next consider the possibility that (H, a) lies insjdea subgroup of type 2. 
Thus H < ((GL m (q) I S t ), a). Just as for Lemma lEDl we assume that (H, a) 
acts primitively on the subspace decomposition. Take g = sa and note that 
s acts as an involution on the subspace decomposition. 

We need to consider two situations which closely mirror the two cases 
discussed for a subgroup of type 7. First consider Cs(g) where S is the 
projection of H onto a particular GL m (q) which is fixed by s. By induction 
\S : Cs(g)\ p 'p < q~ !I ^~ ■ Alternatively if GL m (q) x GL m (q) are swapped by 
s, and S is the projection of H onto GL m (q) x GL m (q) then it is clear that 
\S : Cs{g)\r£ is at most the size of an odd-order subgroup in GL m (q). Thus, 

ILx.. oddgln 3m-2 

by Lemma IEU1 this is bounded above by q 2 . 

J J * " ■ oddnormal 



Now write N = GL m (q) x ■ • • x GL m (q). Then Lemma ID implies that 



\H : C H {g)\ = \H D N : C HnN {g)\\H/N : C H/N {gN)\. 

Thus, writing s as the product of k transpositions in its action on the sub- 
space decomposition, we have 

\HnN:C HnN (g)\ pl> v < (g^)'" 2fc x (q^) k 

3n-l 1 

< q * 



t-i 
q 4 



J L^ oddsn . t -i 

Then, referring to Lemma liljl it is sufficient to prove that t log2t < 49— 

which is clear. 

If H lies inside a group M of type 8 then, once again, we need only 
consider the possibilit y ^hjjyy< n < 6. I n thes e cases we proceed similarly 
to the proof in Lemma lEOl by appealing to |KL90, Proposition 2.9.1]. Consider 
first the following cases where a simple group K is involved in M: We have 
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nine 



reduced bound 



n = 3 and K = Qs(q) = PSL 2 (q); we have n = 5 and K = Q$(q) = PSp^q); 
we have n = 6 and K = fig(g) — PSL\(q). In all these cases K is involved in 
a maximal subgroup of GL m (q) for some m smaller than n. Let be the 
section of H lying in K. Then g induces an involutory field automorphism 
qk on Hk hence, by induction, \Hk '■ CH K (gk)\ P ',v < q~~^~ '■ Furthermore 
\M/(M n Z{GL n (q)))\ pip < (n, 3)\K\ pl ^. Hence we conclude that 



\H : C H {g)\ P 'p < \Vq + M P ',v{n,3)q 



3m — 1 



as required. 

The only remaining case is when n 



4 and K = PQ e 4 (q) is involved in M. 



Note that PflJ(g) = PSL 2 (q) x PSL 2 (q) and PfiJ (g) ^ PSL 2 (q 2 ) so is 
not necessarily simple. Now g induces an involutory field automorphism g^ 
on H K . Hence, by our strengthened bound for n = 2, \H K : C# K (<7fc)|p',<? < 
g 2 . Furthermore \M/(M C\ Z{GL n (q)))\ p ip < \K\pip. Hence we conclude 
that 



\H 



-q 



5 

< g2 



as required. 



□ 



Lemma 22. Let H < GL n (q) with \H\ odd. Suppose that g is an involution 
in GL n (q) which normalizes H . Then, 



\H : C H (g)\ p ,y <q n * . 
Proof. We proceed by induction on n. When n = 1 the result is trivial and, 

IL^. base case 

when n = 2, Lemma UTal gives the result. Now suppose that H < M, a 
maximal subgroup of G^L-n^Q^ - irPHfecnn^ ^ °^ P ro °f mirrors the techniques 
used to prove Lemmas Ibul anctlbll 

If M is of type 5 then we simplydescend to the base field and continue. 

i Pf^n slx , LjL. seven 

If M is of type 6 or 7 then Lemmas 1161 and IET71 gives us the result. If M is of 
type 1 or 4 then an easy inductive result gives us the result (as before). 
If M is of type 2 then H < GL m (q)\S t . Set N = GL m (q) x • ■ ■ x GL m (q). 



t 



If g lies inside N then induction implies that \H(~)N : CunNig) \ P ',v < 

If g G H\N, then we proceed very similarly to the proof of Lemma uU 
First consider Cs(g) where S is the projection of H onto a particular GL m (q) 
which is fixed by g. By induction \S : Cg{g)\pip < q~^~ '. Alternatively if 
GL m (q) x GL m (q) are swapped by g, and 5 is the projection of H onto 
GL m (q) x GL m (q) then it is clear that |>S : Cs(g)\ P 'f>. is at most the size of an 
odd-order subgroup in GL m {q). Thus, by Lemma lEu| this is bounded above 



second gap 
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by q "a . Thus \H (~) N : CHnN(g)\ P ',v < (<? '™ 4 )*• In both cases we have 
\H : C H {g)\ P '<v < q^ 21 x t log2 * which is sufficient. 

If M is of type 3 and H < GL m (q r ).r, where n = mr with r prime, then 
there are two cases. If g lies inside GL m (q r ) then induction implies that 

\H : C H (g)\ P >,v < (q r )^r < gTT 2 . 

^ptlier^ise a if g does not lie in GL m (q r ) then we must have r = 2 and Lemma 
IS] gives the result . 

Finally if H lies inside a group M of type 8 then, once again, we need 
only consider the possibility that 3 < n < 6. As before, for n ^ 4 we simply 
use the fact that the simple classical group involved in M is involved in a 
maximal subgroup of type 8 in GL m (q) for some m < n. Then induction 
gives the result. 

If n = 4 ancLPf^g) is involved in M then we make use 
phisms given in |KL90l Proposition 2.9.1] and refer to Lemma IffSt □ 



3.2 The inductive part 

Now we suppose that Lemma A holds for m < n, i.e. we proceed under the 
following hypothesis: 

Inductive Hypothesis. Let Hi be an even order subgroup of GL m (q) with 

m < n. Then H\ contains an involution g such that \H\ : CH 1 {g)\ P , ,<y ^ 
q m-l _\ 1_ q _|_ i 

Lemma 23. If H has even order and lies in a maximal subgroup of type 1, 
3 or 4 then \H : C H (g)\pr,v < q^ 1 + •-• + ? + 1. 

Proof. If H lies in a maximal subgroup of type 1 then H < Q : (GL m (q) x 
GL n _ m (q) where Q is a p-group and m > 1. Then 

\H : C H {g)\ pip < (q m ~ l + -- ■ + q+l)(q n - m ~ 1 + - ■ - + q+l) < q n ~ l + - ■■ + q + l. 

If H lies in a maximal subgroup of type 3 then H < M — GL m (q r ).r 
where n = mr and r is prime. Let iV = GL m (r) be normal in M and split 
into two cases. Suppose first that \H n N\ is even. Then induction implies 
that H (1 N contains an involution g such that 

\H : C H {g)\ p ,v < {{q r ) m - 1 + ■ ■ ■ + q + l)r < q mr ~ l + ■ ■ ■ + q + 1 

as required. JSupposejOn the other hand that \H H N\ is odd. Then r = 2 

J L-L- second gap 1 1 

and Lemma Ibll gives the result. 
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If H lies in a maximal subgroup of type 4 then H < GL m (q) o GL r (q) 
where n = mr and m,r > 1. Then induction implies that 



□ 



We are left with subgroups lying only in maximal subgroups of type 2. 

3.2.1 Maximal subgroups of type 2 

Take H <M = GL rn (q) lS t ,n = mt, t > 2. Write 

N = GL m (q) x • ■ • x GL m (q) . 



sninvolutions 



It is clear that we can assume that M acts primitively on the vector 
decomposition, otherwise we lie in a different subgroup of type 2 which we 
consider instead. We have three subcases, the first of which is dealt with in 
the following lemma. 

Lemma 24. Suppose that HC\N has odd order and t < n. Then H contains 
an involution g such that \H : C#(g) \ p ip < q n ~ x + ■ ■ ■ + q + 1. 

oddgln 



Proof. By Lemma 

\HnN\ p , p < (q £ 

Then, for g an involution in H, 



n—t 



\HnN:C HnN (g)\ p ,v<(q^y<q 

Now St < GL t (q) hence, by induction, there is an involution o_ in H such 
that \H/N : C H/N (gN)\ < q^ 1 H \-q + l. Thus, by Lemma f" 



H:C H (g)\<q n - t (q t - 1 + --- + q + l)<q 



n-l 



+ q+l. 



□ 



We next consider the possibility that H C\ N has odd order and t = n. 
We state a preliminary lemma before dealing with this case. 



Lemma 25. If H is a primitive subgroup of S n of even order then H contains 
an involution g such that \H : Cu{g)\ < 42" 



n-2 
2 
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71-2 

2 . 



Proof. The state ment i s clearly true if n < 7. If n > 8 then 4 n < 42 
Then we refer to pggQj which asserts that any primitive subgroup of degree 
n must either contain A n or else has order less than 4 n . 

If H contains A n then H contains an involution g such that \H : Cn{g)\ < 
n 4 and we are done. □ 

Lemma 26. Suppose that HC\N has odd order and t = n. Then H contains 
an involution g such that \H : Ch{9)\p'P < q n ~ l + ■ ■ ■ + q + 1- 

Proof. Observe thatJV =Sq l) n . We proceed very similarly to the proofs 
J secorttj^gHedfated round 1 J J 

of Lemmas Ibil and 1521 First consider Cs{g) where S is the projection of 
H onto a particular q — 1 which is fixed by g. Clearly \S : Cs{g)\ P >p = 1. 
Alternatively if (g — 1) x (g — 1) are swapped by g, and S* is the projection of 
H onto (q — 1) x (g — 1) then it is clear that (S* : Cs(g)| p / ^ < (g — 1). Thus, 
in all cases, 

\N : C N (jg)\j, t v < (g-l)i 

sninvolutions 



By Lemma lE5T 

\H/N:C H/N (gN)\ < 42^. 

J L: oddnormal 
By Lemma 

|#:C H (<?)| P ',c> <(?-!) 1 x42^. 

For g > 43 this is less than q n ~ l + • • • + q + 1. 

If g < 43 then g = 7, 13, 19, 31 or ST^.Injd^asejS |g — l| p ',<? = 3 and hence 
\N : Cjv(sO|p',c> < 3. Thus, by Lemma 

l# : Ci/(^)I P '^ < 3 x 42^ < q n ~ x + ■ • • + g + 1. 

□ 

The final subcase is when H (1 N has even order. The following lemma 
deals with this situation. 

Lemma 27. Suppose that H < GL m (q) I S t where n = mt. Write 

N = GL m (q) x ••■ x GL m (q). 

V v ' 

t 

Suppose that H (1 N has even order. Then H contains an involution g such 
that 

\H:C H (g)\ pl ^<q n ~ 1 + --- + q + l. 
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Proof. We begin by investigating the quantity [HON: ^fuy( ; ^J.g' e ( gtraliz 
analysis (and our notation) mirrors the set up in Lemma Write N = 
Nx X ■ ■ ■ x N t with Ni = GL m (q) for i = 1, . . . , t. Write Li for the projection 
of H fl iV onto Ni x ■ ■ ■ x N t and write ipi : Li — > Lj+i for the canonical 
projection. Let Tj be the kernel of ^ for 1 < i < t; define T t := L t . Suppose 
that |Tj| is odd for i < k <t and \Ti\ is even for i = k. 

Observe that T k < GL m (q). Then, by induction, take an involution 
gk G Tk such that 

\T k :C tk (g k )\ P >,v<q m - 1 + •■■ + 9 + 1. 

Let j G G be the pre-image of ^ in if fl N. Write gi fo^ the^ image of 
g under the projection of H n iV onto Lj. Then Lemma pj] implies that 



mvc 



|Tj : CTi(9i)\p' ,V < q 4 for 1 < % < k. Thus Lemma implies that 
\H HN : CW(<7)k* < g^X*-^ + • • • + g + 1) | ( ^ n P 1^ ' ^ S 



Here P& is a Sylow 2-subgroup of T fe and so (g k ) Lk H P^ is the set of 
coniugates of at which lie in Ph. . . 

If A; = t then = Tk] if k < t then Lemma E] implies that \{gk) H Pfc| < 
q,m-i _|_..._|_ _|_ Thus in all cases it is clear that 



Now H/N < St and so H can fuse at most t\ conjugacy classes of Hf\ N into 
one. Thus we have 

\H:C H (g)\ p ,,v<(q m - 1 + --- + q+l) t t\ 

Now if t < 20 then (t!) p ',c? < (p - which implies that |P : Ci/(g)| p ',<? < 
g n_1 as required. Thus we assume that t > 20. 

For the remainder we split into two cases. First suppose that k > 5. 
Recall that P& is a Sylow 2-subgroup of T k and let P be a Sylow 2-subgroup 
of H fl iV. Observe that P& = P. Furthermore P is a Sylow 2-subgroup of 
H, while Pfc is a Sylow 2-subgroup of Lk = (H f] N)/K where K is an odd 
order subgroup. In particular this implies that 

\(g k ) Lk n P t \ = \g HnN n P\. (3) 

jean Jgflnc IL:. sylowtwos 

Then JTJ, (J3j and Lemma |0 imply that 



l# : Cfcfo)^ < q^^iq™- 1 + ■ ■ ■ + q + 1) \g H H P 



|Pf n iV : CWGOIpV? < (g m_1 + ■■■ + ? + l) m Mfe+l-*}. ( 2 ) f^nb 



eqnc 
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Observe next that P is isomorphic to a 2-group lying in GL m (qY k+1 . 
Thus Ig^nPl is less than the, T totaljiumber of involutions in a Sylow 2-group of 
G?L m (g)*-* +1 . Thus Lemma H implies that* <? H P | < (g m_1 + - • -+q+3Y ■ 
Hence we have 

\H : C H {g)\ pip < q ^)^)( q ™^+. . -+q+l)(q m ~ 1 + - ■ . +q+ 3Y~ k+1 < q^ 1 
as required. 

Suppose that k < 4. Now H acts by permuting elements in N, and g has 
form 

(h u ...,h k , 

Thus PT must fuse at most k\ s^ich conjugacy classes oi H f] N. For < 4 
we have A;! (j < t 4 hence, by (JEJ) we have 

|P : C H (</)| < (g^ 1 + • • • + q + 1)V < q^t 4 . 
Now, for t > 20, this is less than g" 1 '" 1 -f • • • + g + 1 as required. □ 
This completes our proof of Lemma A, and thereby proves Theorem A. 



ternionsylowtwos 



4 Quaternion Sylow 2-subgroups 

IL: basic 

In this section we operate under Hypothesis Q] and use the associated notation, 
as defined at the start of Section I2.2I We will also use the notation that, 
for a group H, H = H/0(H) where 0(H) is the largest odd-order normal 
subgroup of H. 

We are interested in the possibility that G is insoluble. Now Theorem 
A implies that in this case G must have generalized quaternion Sylow 2- 
subgroups. Hence, for the remainder of this paper, we suppose that this is 
the case. . 

Using the comments in l|Gor68, p3V7] we can adapt the results in l [WG64j 
to write the structure of G. Then G is isomorphic to one of the following 
groups: 

• a Sylow-2 subgroup of G. 

• Z.A 7 , a central extension of A-j by Z, a group of order 2. 

• SL 2 (q).D where D is cyclic of odd order d. 



Note that, in particular, G 
note a background result: 



0(G) Cc(g) for g an involution. Next we 
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P: quaternion 



[a s r.hha cher3 

Lemma 28. \AscUU, (t>.21)] Let G be transitive on a set X, x e X, H the 
stabilizer in G of x, and K < H . Then N G (K) is transitive on Fix(K) if 
and only if K G H H = K H . 

Given G with quaternion Sylow 2-subgroups we will take K to be a sub- 
group of G a of order 2, say K = {1, g}. Then g is the unique involution in 
a Sylow 2-subgroup of G a and so K G n H = K H . Hence N G (K) = C G (g) 
is transitive on Fix(i^) = Fix(g), a Baer subplane of V. Then we have the 
following proposition (which implies Theorem B): 

Proposition 29. Suppose that G acts transitively on the set of points ofV, 
a non-Desarguesian projective plane. If G has generalized quaternion Sylow 
2-subgroups then G contains an odd-order subgroup H which is also transitive 
on the set of points ofV. 

Proof. We have listed three possibilities for the structure of G. The propo- 
sition clearly holds for the first possibility, so exclude this. Take g G G an 
involution and let C° be the kernel of the action of Co(g) upon Fix(g). 

Suppose first that Fix(g) is Desarguesian. There are two possibilities 
for C G (g)/C°: Either C G (g)/C° is soluble or C G (g)/C° has socle PSL 3 (u) 
where u > 2 is the order of Fix(g). Now, since u > 2, PSL^u) has Sylow 
2-subgroups which are neither cyclic nor dihedral and so they cannot form 
a section of a quaternion group. Hence we may conclude that C G (g)/C° is 
soluble. 

Now suppose that Fix(g) is not Desarguesian. Then C G (g)/C° must have 
dihedral or cyclic Sylow 2-subgroups. The former is not possible by Theorem 
A and the latter implies that C G (g)/C° is soluble. Hence this conclusion 
holds in all cases. 

Since G = 0(G)C G (g) and G is insoluble we conclude that C G (g) is 
insoluble; in particular C° is insoluble. Furthermore C°/(C° H 0(G)) is 
isomorphic to a normal subgroup of G. 

If G = Z.A-j then the only insoluble normal subgroup of G is G. Hence 
C°/(C° n 0(G)) = G. Thus G = C°0(G) = G a O(G) and so 0(G) is 
transitive on the set of points of V. 

If G = SL>2(q).D then an insoluble normal subgroup of G must contain 
SL 2 (q). ThusC /(C°nO(G)) > SL 2 (q). Now pick an element, h, in G whose 
image in G/ SL 2 (q) has order divisible by D; it is clear that such an element 
can be chosen to have odd order. Then G = C°{0(G), h) = G a (0(G), h) 
and so (0(G), h) is transitive on the set of points of V . □ 
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